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Abstract. For finitely generated modules M and N over a complete inter- 
section R, the vanishing of Tor^(M, N) for all i > 1 gives a tight relationship 
among depth properties of M, N and M (^n N. Here we concentrate on the 
converse and show, under mild conditions, that M(:^iiN being torsion-free (or 
satisfying higher Serre conditions) forces vanishing of Tor. Special attention 
is paid to the case of tensor powers of a single module. 



1. Introduction 

In his 1961 seminal paper "Modules over unramified regular local rings" [2], 
Auslander studied torsion in tensor products of nonzero finitely generated modules 
M and N over unramified regular local rings R. Under the assumption that M^uN 
is torsion-free, he proved: 

(1) M and N must be torsion-free, and 

(2) M and N are Tor-independent, that is, Torf (M, A^) = for all i > 1. 
In the same paper he observed the following formula 

for Tor-independent modules over arbitrary local rings, as long as both M and TV 
have finite projective dimension. In view of the Auslander-Buchsbaum Formula [31 
Theorem 3.7], this is equivalent to the depth formula: 

(1.0.1) depthfl(Af) + depth^(Ar) = dcpth(i?) + depth^XM (g)R N) 

The depth formula is true for Tor-independent modules over complete intersec- 
tions [m Proposition 2.5] and, more generally, over arbitrary local rings if one of 
the modules has finite complete intersection dimension; see [1], [24]. We know of 
no counterexamples for Tor-independent modules over arbitrary local rings. 

In this paper we continue the theme of Auslander's paper, obtaining conse- 
quences of the assumption that M (g)^ TV, or perhaps is torsion- free (or 
satisfies certain Serre conditions), but over more general local rings. Section 2 es- 
tablishes terminology and discusses tools of the trade. Section 3 shows, at least over 
a domain, that high tensor powers of non-free modules must have torsion. A point 
of interest is that the torsion element we identify comes from a universal example. 
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In §4-§7 we concentrate on complete intersections. The main result of §4 is The- 
orem l4.7l which says that vanishing of Torf (Af, N), together with certain Serre con- 
ditions on the modules and their tensor product, forces the vanishing of Torf (M, TV) 
for all z > 1. In §5 we deploy an intersection pairing rj developed by H. Dao |13j . 
Combining the vanishing of the 77-pairing with certain Serre conditions, we estab- 
lish the vanishing of Torf (Af, iV) for all i > 1. Given the vanishing of rj, we are 
able to sharpen the existing results in the literature, roughly speaking, "by one" , 
e.g., by weakening the hypothesis (S„+i) to (S„). For an even-dimensional graded 
hypersurface with an isolated singularity, the vanishing of 77 is known |31j . It is 
conjectured in |32| that the 77-pairing always vanishes for isolated singularities that 
are complete intersections of codimension c > 2. In §6 we find situations where rj 
is known to vanish, and so obtain new results on vanishing of Tor. 

In Section 7 we consider the Frobenius endomorphism (p : R R over F-finite 
rings of characteristic p. We show that if R is not regular then i?'^ (S)r "^M has 
torsion for every nonzero finitely generated i?-module M . 

2. Depth, torsion, and Serre's conditions 

In this section we recall basic concepts and results, mainly involving depth, that 
are used in this article. For details, see O Chapter 1]. We assume throughout the 
paper that i? is a commutative Noetherian ring. 

2.1. Depth. For an ideal / of R, the I-depth of M is the number 

(2.1.1) depth^(/, M) = inf{n > | Ext'^(i?//, M) ^ 0} . 

Thus depth^(J, M) is finite if and only if Ext^(i?//, M) =^ 0, and depthfl.(/, M) = 
if and only if EomR{R/I, M) ^ 0; equivalently, Ti{M) ^ where 

Vi{M) = {m e M I FM = for some s > 0} 

is the /-torsion submodule of M . The /-depth of M can also be computed from its 
local cohomology modules, II"(M), with respect to /: 

depths (/, M) = inf{n > | Hi'(A/) ^ 0} . 

If x := si, . . . , is a sequence of elements in R, and K is the Koszul complex 
on X, then the (a;)-depth of M may be computed from its Koszul homology: 

depth^((x), M)=d- sup{i > | H,(/C ®r M) ^ 0} . 

This is the depth sensitivity of the Koszul complex. 

If R is local (commutative and Noetherian) with maximal ideal m, we write 
depth^ M for the m-depth of A/ and call it the depth of A/; the depth of R is, not 
surprisingly, denoted depth R. 

2.2. Regular sequences. When x is a regular sequence in /?, one can compute 
the (x)-depth of M from a projective resolution, say F, of A/ as follows: 

(2.2.1) depth^((x), M)=d- sup{i > | Torf (/?/(x). A/) ^ 0} . 

Indeed, when x is regular, the associated Koszul complex K is a, free resolution of 
R/{x), and there are quasi-isomorphisms 

(R/ix)) F ^ K F ^ K®rM 

Thus the desired equality follows from the depth sensitivity of the Koszul complex. 
Note that H*((/?/(a;)) ®r_ F) is none other than Torf (i?/(^). A/). 
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2.3. Torsion submodule. The torsion submodule TrM of M is the kernel of the 
natural homomorphism M — > Q(i?) ®r M, where Q(i?) is the total quotient ring 
of R. The inclusion TrM C M gives rise to an exact sequence 

(2.3.1) — > TrM — > M — > ±rM — > . 

We say that M is torsion if TrM = M (that is, Mp = for each p e Ass(i?)), and 
that it is torsion-free if T^M = 0. 

Notation 2.4. For any non-negative integer n, set 

X"(i?) = {p e Speci? I height p < n}. 

Some authors use this notation for the set of primes for which depth(_Rp) < n; for 
Cohen-Macaulay rings, there is no conflict. 

In what follows, the notation (i?, m) will mean that i? is a local ring, with 
maximal ideal m. The space X''~^(i?) — Speci?\{m}, with d the (Krull) dimension 
of R, is often called the punctured spectrum of R. 

We say that M is locally free on a subset U of Speci? if the i?p -module Mp is 
free for each p G [/. It is easy to test torsion-freeness of modules locally free on the 
punctured spectrum: 

Lemma 2.5. Let {R,xn) be a Cohen-Macaulay local ring of positive dimension and 
M a finitely generated R-module that is locally free on the punctured spectrum. 
Then M is torsion-free if and only ifTm{M) — Q, if and only z/depth^jM > 1. □ 

Let M be a finitely generated _R- module; M* denotes it dual Hom^^ (M,i?). The 
module M is torsionless if it embeds in a free module, equivalently, the canonical 
map M M** is injective. Torsionless modules are torsion-free, and the converse 
holds if Rp is Gorenstein for every associated prime p of R\ see |35l Theorem A.l]. 
The module M is reflexive provided the map M — > Af ** is an isomorphism. 

2.6. Serre's conditions. Fix an integer n > 0. We say that M satisfies Serre's 
condition (Sn) if 

depth(Mp) > min{n, dimi?p} for each p e Spec(i?). 

If R is Gorenstein, then M is torsion-free, respectively reflexive, if and only if it 
satisfies Serre's condition (Si), respectively (52); see [271 Appendix A, §1]. 

An _R-module M is maximal Cohen-Macaulay (abbreviated to MCM) provided 
depth Af = dimi?; in particular, M is required to be nonzero. A nonzero i?-module 
is MCM if and only if it satisfies (Sn) for some (equivalently, every) n > dimi?. 

We recall a technique from [201 §1] for lowering the codimension of the ring, 
to facilitate inductive arguments. In what follows, iyfi{M) denotes the minimal 
number of generators of the i?-module M. 

2.7. Pushforward and quasi-lifting Let i? be a Gorenstein local ring and M 
a finitely generated torsion-free i?-module. Choose a surjection e* : i?^'^) M* 
with V = vjilM*). Applying IIom(— ,i?) to this surjection, we obtain an injection 
e: M** ^ i?(''). Let Mi be the cokernel of the composition M ^ M** ^ R^'^K 
The exact sequence 

(2.7.1) ^ Ai ^ i?^'') ^ Ail ^ 

(or any sequence obtained by this recipe) is called the pushforward of M. The 
extension (|2.7.1|) and the module Aii are unique up to non-canonical isomorphism. 
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We sometimes refer to the module AIi as the pushforward of M. Note that Mi = 
if and only if AI is free. 

Assume R = S/{f) where {S,n) is a local ring and / is a non-zerodivisor in n. 
The quasi-lifting of M to 5 is the module E in the following exact sequence: 

(2.7.2) 0^ E ^ 5^''' ^ Ml ^ 

Here the map S*'"^) -» Afi is the composition of the canonical map Si'^) Ri^) and 
the map R^'^'' -« Mi in (12.7. ip . The quasi-lifting of M is unique up to isomorphism 
of S'-modules. 

We refer the reader to [20l §1] for basic properties of these constructions (cf. [9j 
Propositions 3.1 and 3.2]). 

Proposition 2.8. Let R be a Gorenstein local ring and M a finitely generated 
torsion-free R-module. 

(1) Given any non-negative integer n, the module M satisfies Serre's condition 
{Sn+i) if and only if the pushforward Mi satisfies (Sn)- 

(2) For p £ SpecR, if the Rp-module Mp is MGM, then (Afi)p is MGM or zero. 

Proof. When Mi satisfies {Sn) the depth lemma [6l Proposition 1.2.9] implies that 
M satisfies (Sn+i)- This proves one direction of (1); the converse is part of [20j 
Proposition 1.6]. The claim in (2) is a consequence of (1). □ 

We say that M is an n*'' syzygy of N provided there is an exact sequence 

^ M ^ F„_i ^ > Fo^ N ^0, 

in which each Fi is finitely generated and projective. If R is local and the ranks of 
the free modules Fi are chosen minimally, then M is uniquely determined by N up 
to isomorphism. 

The following well-known characterization of n"^ syzygy modules is a conse- 
quence of Proposition 12. 8j see [27l Corollary A. 12] for a more general statement. 

Corollary 2.9. Let R be a Gorenstein local ring and M a finitely generated R- 
module. Then M is an n*'' syzygy if and only if M satisfies (Sn). 

Proof. Iterated use of the pushforward and Proposition l2.8l proves the "if" direction, 
and the converse follows from the depth lemma [6, Proposition 1.2.9]. □ 

For some of our results we will need to know that our hypotheses, e.g., Serre's 
conditions (Sn), ascend along flat local homomorphisms. This can be problematic: 

Example 2.10. The ring C[[x,y,u,v]]/{x'^,xy) has depth two and therefore, by 
Heitmann's theorem [171 Theorem 8] , is the completion i? of a unique factorization 
domain (i?, m). Then R, being normal, satisfies (5*2), but R does not even satisfy 
(Si), since the localization at the height-one prime ideal {x,y) has depth zero. 

For Gorenstein rings, however, (Sn) does ascend and descend: 

Lemma 2.11. Let R and S be Gorenstein local rings and R ^ S a flat local 
homomorphism. Let M be a finitely generated R-module and p a prime ideal of R. 

(1) If M is torsion-free (respectively, reflexive), then so is the Rp-module Alp. 

(2) {TrM)p = TrJIp. 

(3) M satisfies Serre's condition (Sn) as an R-module if and only if S 0^ M 
satisfies {Sn) as an S-module. 
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Proof. Part (1) is clear from the fact that M is torsion- free (respectively, reflexive) 
if and only if it is a first (respectively, second) syzygy, and (2) follows from (1). 

Ascent in part (3) follows from the criterion of Corollarv l2.91 and (Si) descends 
since it is equivalent to the condition that M — > M** be injective. Now induction 
and Proposition 12.81 prove descent of (S'„). □ 

3. Torsion in tensor powers 

In this section we establish results on annihilators of elements in tensor powers 
of modules. Throughout, R will be a commutative ring. 

Notation 3.1. Given elements m := mi, . . . ,md in an i?-module M, we consider 
the element in iSijj^M defined by 

T{m) := ^ sign(cr) to^(i) (g) ■ • • ® m„(^d.) , 

cr£Sd 

where Sd denotes the permutations of the sequence 1, . . . , d. 

Proposition 3.2. Let M be an R-module. If elements mi, . . . ,md in M and 

Ti, . . . ,rd in R satisfy 

(3.2.1) rimi H h r^md = 0, 

then [ri, . . . , rd) ■ rim) — Q in ®j^M. 

Proof. The twisted shuffle product gives the graded i?-algebra ®„>o a strictly 

skew-commutative structure; see [29, (12.4)]. Strictly skew- commutative means 
that for any a G (E)^M and b G (8)^A/, there are equalities 

a * 6 = (— 1)*-'6 * a , and a 7k- a = when i is odd. 

By definition of the shuffle product, T(m) = mi -k ■ ■ ■•kmd. Thus for each j we have 

rj ■ r(m) = mi ■ ■ ■ -k mj^i -k rjmj -k mj+i * • ■ • * m„ 

= — ri{mi ★ • • • ★ ruj^i ^ mi-k mj+i ★ • ■ • * m„) = — r^O = 0. □ 

There is a "universal" source for the element t(to) in the following sense: 

Remark 3.3. Consider the polynomial ring 1i[x] on indeterminates x:—xi,..., Xd, 
and let U be the Z[x]-module with presentation 

Z[x] > Z[xf — > t/ ^ 

Let ui, . . . ,Ud the the generators of U corresponding to the standard basis for 
Z[x]'^, so that xiui -I- • ■ • -I- XdUd = 0, i.e., x and u satisfy p.2.ip . Therefore 
ann^j^ t{u) D (x), by Proposition [3?2] in fact, equality holds, by Theorem 13.61 

Given any i?-module AI with a syzygy relation (|3.2.ip . let (p: Z[a;] — ?► i? be the 
homomorphism of rings with Xi i-^ rt, for each i, and extending the structure ho- 
momorphism Z — > i?. The hypothesis on AI implies that there is a homomorphism 
of Z[x]-modules 

/ : U — > M with f{ui) = mi for i ^ 1, . . . ,d. 
Under the induced map (E)'^f: "SJ^y ^ ~^ ®'fiAI , the element t(u) maps to T{m). 
The discussion below, culminating in Theorem l3.61 is prompted by this remark. 
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3.4. A Koszul syzygy module. Let i? be a Noetherian ring, r := ri, . . . , r^; a 

regular sequence in R with (r) =/= R, and consider the complex 

F:= Q^R ) R'^ ^0 

concentrated in degrees and 1. Set AI — Ho(F); as r is regular, is a free 
resolution of M. Let mi, . . . , rud the images in M of the standard basis for R'^. 

The next result is in preparation for the proof of Theorem 13.61 

Lemma 3.5. For each n = 1, . . . ,d, the following statements hold: 

(1) M and (8)^-1 M are Tor-independent. 

(2) <S^]f F is a free resolution of , and pdjj.((X)^M) ~ n. 

Proof. The base case is n = 1, and then (1) and (2) are clear. Fix an integer n with 
2 < n < d, and assume these statements hold for all integers < n ~ 1. Set I — (r). 
For any positive integer s such that is a free resolution of ®|jM, one gets 

Torf (i?//, ®%M) = H,((i?//) ®R {®%F)) - {{®%{R/I) ®r F)), 

where the last isomorphism holds because the complex in question has zero differ- 
ential. In particular, Torf (i?//, (X)jjA/) = R/I ^ 0, so that 

(3.5.1) sup{i > I Torf (g)|jM) 7^ 0} = s . 

We can now complete the induction step. 

(1) The induction hypothesis implies CS^^^F is a free resolution of Cg)^""'^!'/, so 
([3XT1) and (f2XT1) give 

depthfl(/, (g)^~^M) = d - n - 1 > 1 , 
and also that Torf'(M, ®^~^M) is the homology of the complex 

F ®R. i^l'^M) : ^l-'M {^I'^Mf . 
It follows that M and (g)^~^Af are Tor-independent. 

(2) By hypothesis, F and C><3^~^F are free resolutions of M and iSi'^^^M, respec- 
tively. We have already proved, in (1), that these modules are Tor-independent, so 
the complex F iSin ((gi^^F), that is to say, ®^F, is a free resolution of ®^M. In 
particular, one has pdjj((8)^Af) < n; that equality holds follows from p.S.ip . □ 

When i? is a regular local ring and r generates its maximal ideal, part (1) of the 
next result is stated in p. 638] and proved in [23, Proposition 3.1]. 

Theorem 3.6. Let M and r be as in 13.41 The following statements hold: 

(1) is torsion- free if and only if n = 1^ . . . ,d — 1. 

(2) The elements T{rn) in ®'^M satisfies anns rim] — (r). 

(3) The map R/{r) ®'^M of R-modules with 1 M- r(m) induces a splitting 

®%M ^ R/{r) W 
where W is torsion-free; in particular, there are equalities 
^{x){®rM) = Homfl(i?/(x), ®rM) = RTim) ^ . 
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Proof. Set / — (r) and fix a prime p e Speci?. If / ^ p, then the _Rp-module Mp 
is free, and hence so is (C2ifl;M)p for each n > 1. If / C p, then it follows from 
Lemma [5751 that ('8)^-F)p is a minimal free resolution of (®^M)p, and hence that 

depthj^^ {®^M)p = depth Rp — n > d — n for n = 1, . . . , d. 

This proves that is torsion- free for 1 < n < d — 1. It will follow from (3) that 

^fjM" has torsion for n > d. 

As to parts (2) and (3), by construction rimi + • • ■ + r^md = 0, so Proposi- 
tion [32] gives an inclusion / C anna T{m). The reverse inclusion will follow, once 
we ascertain that the map in (3) splits. Consider the homomorphisms of i?-modules 

®UFo) ^ ®rM ^ («.^M) ®fl R/I = Ho((®^F) ®R R/I) = ^%{Fo R/I) 

where the surjections are the natural ones; the isomorphism holds because i^rF 
is a free resolution of (S)rM, and the equality holds because the differential on F 
satisfies C IF. Let e — ei,...,edhe the standard basis for Fq = R'^, in l3.4[ and 
let e' be the induced basis of the free i?//-module Fq ®rR/I. Under the composite 
map, the element T(e) maps to T(e'), and that extends to a basis of the i?//-module 
<8ifl(i^o ®R.R/I)- Since T(e) maps to T(m) in (g)^M, the map in (2) splits and gives 
a decomposition 

®%M = R/I^W. 

It remains to verify that W is torsion-free; given the decomposition above, the other 
parts of (3) are a consequence of this fact. 

For p £ Speci? with (r) 2 the i?p-module Mp, and hence also Wp, is free. 

Assume (r) C p. The Koszul complex on r, viewed as elements in i?p, is a 
minimal resolution of (i?//)p, and so it is a direct summand of {®^F)p^ the minimal 
free resolution of ((g)^M)p. The ranks of the free modules in the top degree, c?, of 
these complexes coincide (and equal 1), hence pd^^ Wp < d — \ and 

depth^^ Wp = depth Rp - pd^^^ T4^p > 1 

Thus W is torsion-free, as claimed. □ 

Local rings. Next we focus on local rings, where the preceding results can be 
strengthened to some extent. 

Lemma 3.7. Let M be a finitely generated module over a local ring (i?, m), and 
let nil, • ■ ■ : ^JT-d S M . If the images of {mi, . . . , m^} in M/xnM are linearly inde- 
pendent, then T(m) is not in m{®'^M) . 

Proof. Let be the image of rri; in the fc- vector space M/mM. Since {mi, . . . , m^} 
is linearly independent, T{rn') ^ 0. Hence T{rn) ^ m{(^RM). □ 

Given an i?-module M, we write /(M) for the ideal (vij) defined by the entries 
in a matrix in some minimal presentation 

^p_K^^,. — — >0 where V = iyR{M). 

This ideal is independent of the presentation. Moreover, it is not hard to check 
that I{M) contains a non-zerodivisor if and only if over Q(i?), the total quotient 
ring of R, the module Q(i?) ®rM can be generated by fewer than vr{AI) elements. 
Recall that M is said to have rank r if Q(i?) ®r M is free over Q(i?) of rank r; see 
[51 Proposition 1.4.3] for different characterizations of this property. 
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Theorem 3.8. Let R be a local ring and M a nonzero finitely generated R-module 
satisfying one of the following conditions: 

(1) I{M) contains a non-zerodivisor; in this case, set d — vii{M); or 

(2) M has rank; in this case, set d — ranki^(M) + 1. 

// M is not free, then for each nonzero finitely generated R-module N one has 

Tr((®SM) ®rN)^Q for each n>d. 
Proof. It suffices to prove the statement for n — d, since 

i(g>lM) ^rN^ {®j^M) ®R ((^^-''M) ®R N) , 

and N implies (c^^M) ®ji ^ for each « > 0, by Nakayama's lemma. 

We claim that there exists a syzygy relation p.2.ip with m a minimal generating 
set for M , (r) C m, and some a non-zerodivisor. 

Indeed, when (1) holds the hypothesis on I{M) implies that there is a syzygy 
relation as claimed. When (2) holds, vr{M) > d since M is not free. Choose 
elements mi, . . . , rud that form part of a minimal generating set for M and such 
that mi, ... , nid-i form a basis for Q(i?) M over Q{R). Then there is a syzygy 
relation as in (j3.2.ip in which is a non-zerodivisor. 

Now, for any such syzygy relation the element T(m) in (E)'rM is annihilated by 
(r), by Theorem l3.61 and is not in Tn((8)^M), by Lemma 15771 It follows that, for each 
71 in iV \ xnN, the element t(to) (g) n in {^j^M) (^r N is nonzero and is annihilated 
by (r), and hence is in the torsion submodule. □ 

Corollary 3.9. Let R be a Noetherian domain and M a finitely generated R- 
module. Then the R-module ®^^M has torsion for any integer n satisfying 

p e Spec R and L is a non-free direct 

summand of the Rp -module Alp J 

Proof. Fix a prime p where the minimum is achieved, and let L be a non-free direct 
summand of Mp that requires at most n generators. Taking = i?p in Theorem l3.81 
we see that <E)'r^L has torsion. Since this module is a direct summand of <E)'R^Mp, 
the latter module must have torsion, and so must (E)'rM, by Lemma [2. 11 1 □ 

One cannot always expect torsion in tensor powers of non-free modules: 

Example 3.10. Let R = k[x, y]/ (xy), where /c is a field. The torsion-free i?-niodule 
Af := R/{x) is not free; however (g)^M is isomorphic to R/{x) for every n > 1, and 
hence is torsion-free. 

The preceding results bring to the fore the following: 

Question 3.11. Let i? be a local domain. Is there an integer b, depending only 
on R, such that (8)^M has torsion for every finitely generated non-free i?-module 
M and every integer n > b7 

The condition that i? be a domain is to avoid the situation of Example 13.101 
When R is regular, one can take b = dimi?, by results of Auslander [31 Theorem 
3.2] and Lichtenbaum [28l Corollary 3]. See Corollary 15.91 for a generalization. 

When R is Cohen-Macaulay, such an integer b must satisfy b > dim R. Indeed, 
with x:=xi,...,Xd a maximal regular sequence in R, the (d — 1)^* syzygy module 
of R/{x), say M, has the following properties: 



n > min 
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• M has rank d — 1 but is minimally generated by d elements, so is not free. 

• ®'ii^M is torsion- free. 

For the second item, see Theorem 13.61 This example also proves that the bound 
given in Theorem 13.81 is optimal. 

Over any one-dimensional Cohen-Macaulay domain R with a non-free canonical 
module, Huneke and Wiegand [211 Proposition 4.7] constructed a non-free finitely 
generated i?-module M such that M (g)/? M is torsion-free. Therefore, even if Ques- 
tion [3lTT] has an afhrmative answer, 1 -I- dim(i?) is, in general, too small. 

We end this section with an easy observation characterizing those local rings for 
which the tensor product of torsion-free modules is always torsion-free. 

Proposition 3.12. Let (i?, m) be a local ring. Then the following are equivalent: 

(1) M ®R N is torsion-free whenever M,N are finitely generated torsion-free 
R-modules. 

(2) M®fiM is torsion-free for every finitely generated torsion-free R-module M . 

(3) m m is torsion-free. 

(4) Either depth(i?) — or R is a discrete valuation domain. 

Proof. The implications (1) (2) =^ (3) are clear. For (3) =4> (4), assume R 
has positive depth. Then m contains a non-zerodivisor and hence has rank one. If, 
now, TnCg)/jTn is torsion-free, then Theorem l3.8l (2) implies that m is free, and hence 
principal; that is to say, that i? is a discrete valuation domain. Now we show that 
(4) =^ (1). When depth(i?,) = every module is torsion-free. Otherwise i? is a 
discrete valuation domain, and the modules M and N of (1) are in fact free. Their 
tensor product is then free, and hence torsion-free. □ 

4. Complete intersections 

In this section we discuss depth properties of tensor products vis a vis vanishing 
of Tor over complete intersections. Since the terminology in the literature is not 
entirely standard (as one might surmise from the title of [18]), let us lay out the 
definitions we will use. Throughout this section i? is a local ring. 

Definition 4.1. We write embdimi? for the embedding dimension of R, that is, 
the minimal number of generators of the maximal ideal of R. The codimension of 
R is the number 

codim R = embdim R — dim R . 

We say that i? is a complete intersection in a local ring (Q, n) if there a surjection 
it: Q ^ R with kervr generated by a Q-regular sequence in n; the length of this 
regular sequence is the relative codimension of R in Q. A hypersurface in Q is a 
complete intersection of relative codimension one in Q. By a complete intersection 
(respectively, a hypersurface) we mean a local ring (i?, m) whose m-adic completion 
i? is a complete intersection (respectively, a hypersurface) in a regular local ring. 

Suppose i? is a complete intersection in Q, of relative codimension c. One has 

dim Q — dim R = c. 

Also, there is an inequality 

codim R — codim Q < c , 
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with equality if and only if kervr C n^. In particular, if i? is a complete intersection 
of relative codimension c in a regular local ring (Q, n), say, R = . . . , fc) for 

a regular sequence (/), then 

codini R = codini R < c , 

with equality if and only if (/) C n^. 

Recall that a regular local ring {Q,n,k) is said to be unramified if either Q 
contains a field, or else Q z:i 2,, charfc = p, and p ^ v? . The regular local ring 
V[x\l{x'^ —p), where V is the ring of p-adic integers, is ramified. 

4.2. Ramified regular local rings. Assume (Q, n, k) is a d-dimensional com- 
plete regular local ring. If Q is ramified, with char k = p, then, for some com- 
plete unramified discrete valuation ring {V,pV), one has Q = T/{p — f), where 
T = T^[[a;i, • ■ • ,Xd]] and / is contained in the square of the maximal ideal of T; 
see for example ^7, Chaper IX, §3]. Hence every complete regular local ring is a 
hypersurface in an unramified one. Therefore, when i? is a complete intersection, 
R can be realized as a complete intersection in an unramified regular local ring Q 
in such a way that the relative codimension c of i? in Q satisfies: 

codim R < c < codim R + 1 . 

We will use, often implicitly, the fact [2j Lemma 3.4] that every localization, at a 
prime ideal, of an unramified regular local ring is again unramified. 

We need a few preparatory results before getting to the main theorem of this 
section, namely Theorem 14.71 The first is a special case of a theorem proved by 
D. Jorgensen |251 Theorem 2.1]: 

Remark 4.3. Let i? be a complete intersection, and let M and N be finitely 
generated i?-modules with Torf^(M, TV) = for i 0. If M is maximal Cohen- 
Macaulay, then M and N are Tor-independent. 

Lemma 4.4. Let R be a complete intersection, and let M and N be finitely gen- 
erated R-modules. //Torf(M, A^) is torsion for all i ^ 0, then Tovf{M,N) is 
torsion for all i > 1 . 

Proof. It suffices to prove Torf'(Af, N)p = for i > 1 and for each minimal prime 
p of i?, i.e., Torf " (Mp, TVp) = for i > 1. For i > 0, we have Torf ' (Mp, iVp) = 0. 
If Mp = 0, we're done. Otherwise, Mp is MCM since dimi?p = 0, and Remark 14.31 
gives the desired vanishing. □ 

In our applications, we will encounter the same hypotheses enough times to 
warrant a piece of notation. 

Notation 4.5. Let c be a positive integer. We will say that a pair M, N of modules 
over a ring R satisfies (SPc) provided the following conditions hold: 

(1) M and N satisfy (Sc-i). 

(2) M^rN satisfies {Sc). 

(3) Torf (A/,iV) has finite length for aU i > 0. 

The {SPc) condition imposes restrictions on the support of the Tors: 
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Lemma 4.6. Let {R,xn) be a complete intersection, and let M and N be finitely 
generated R-modules. Assume that M satisfies {Sc~i) for some integer c > 1 and 
that Tovf^^M, N) has finite length for all i ^ 0. Let p he a non-maximal prime 
ideal with height p < c - 1. Then Torf (M, N)^ ^ for all i >l. 

Proof. The Serre condition imphes that Mp is either or MCM. Also, we have 
Torf ^ (Mp, iVp) = for i > because p ^ m. Therefore Torf ^ (Mp, TVp) = for aU 
i > 1 by Remark O. □ 

The next theorem generahzes a result due to Celikbas [HI 3.16]; we emphasize 
that the ambient regular local ring in Theorem 14.71 is allowed to be ramified. 

Theorem 4.7. Let R be a complete intersection with dimi? > codimi?, and let 
M and N be finitely generated R-modules. Assume the pair M, N satisfies (SPc) 
for some c > codimi?. Lf c — 1, assume further that M or N is torsion-free. If 
Torf (M, N) = 0, then Torf (A/, TV) = for alli>l. 

Proof. Without loss of generality, one may assume c = codim R. When c = 0, the 
desired result is the rigidity theorem of Auslander |2] and Lichtenbaum [2H| , so in 
the remainder of the proof we assume that c > 1. When c = 1, assume N is the 
module that is torsion-free. 

We define a sequence of modules Mq, Afi, . . . , Afc-i by setting Mq — M and 
then Mn to be the pushforward of A^„_i, for ti = 1, . . . , c — 1. These pushforwards 
exist because Afg satisfies (S'c-i) by hypothesis, and so each Af„_i satisfies (S'c_„) 
by Proposition 12.81 For the desired result, it suffices to prove Torf (Afc-i, A^) = 
for each i> c. We will, in fact, prove this for all i > 1. To this end, we claim that, 
for n = 0, . . . , c — 1, the following hold: 

(1) Mn satisfies (5'c_i_„); 

(2) Mn ®R N satisfies (S'c-n); 

(3) Torf (Af„,iV) has finite length for aU i > 0; 

(4) Torf (Af„, iV) = for i = 1, . . . , n + 1 . 

For n = 0, the first three are from the [SPc) conditions and (4) holds by hypoth- 
esis. Assume they hold for some integer n with < n < c — 2; we then verify that 
they hold also for n + 1. As noted before, (1) holds by Proposition 12.81 Consider 
the pushforward 

— ^> Af„ ^ F ^ Mn+i — ^> ; 
here F is free. Tensoring with N yields isomorphisms and an exact sequence: 

(4.7.1) Torf (Af„+i, iV) = Tor,^i(Af„, TV) for aU i > 2 

(4.7.2) Torf (Af„+i, TV) Mn ®rN ~^F®rN ^ Mn+i ®rN 

The isomorphisms (|4.7.ip imply that Torf (A/„+i, A^) has finite length for all 
I ^ 0, so (3) holds; also, these modules are torsion for each J > 1, by Lemma [4.41 
(Note that dim(i?) > codim(i?) = c > 1, so finite-length modules are torsion.) 
Since n < c — 2, condition (2) implies that Af„ ($r N satisfies {S2) and hence is 
torsion-free; therefore the exact sequence l|4.7.2p yields Torf (Ar„+i, A'') = 0. This, 
with the isomorphisms in (|4.7.ip . gives (4). 

It remains to verify (2), that Mn+i (^r N satisfies (Sc-n-i)- 
Since A^ satisfies (-S'c-i) and hence (Sc-„-i), so does F C^r N. Also, (|4.7.2p is 
actually a short exact sequence since Torf (Af„_(_i, A^) = 0. When we localize this 
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exact sequence at a prime p with height p > c — n, we have depth^^ (M„ (^r N)p > 
c — n, by (2) of the induction hypothesis, and depth^^ {F A^)p > c — n — 1. By 
the depth lemma [H Proposition 1.2.9], one has depth^^ (M„+i iV)p > c — n—1. 

Now fix a prime p in X'=~""^(i?); we want to show that (M„+i (g)^ iV)p is MCM 
or zero. We may suppose the i?p-modules Np and (M„)p are nonzero and hence 
MCM; from the latter we conclude that (M„+i)p is MCM or zero as well; see 
Proposition We may assume it is MCM. The pair M„,iV satisfies (SPc-n), so 

Torf (A/„, A^)p fori>l 

by Lemma [46l note that p 7^ tn for dimi? > codimi? — c > c~n— 1, as n > 0. The 
isomorphisms in (|4.7.ip and the already established equality Tor^(M„+i, A^) — 
then give Torf(M„+i,iV)p = for i > 1. The depth formula (fTOTj) now shows 
that depth^^ {Mn+i (^r N)p — dimi?p. We have shown that Mn+i (^r N satisfies 
(S'c-n-i), and the proof of the claim is now complete. 

At the end, Torf (Mc_i, A^) has finite length for alH 3> and is equal to for 
i = 1, . . . ,c; moreover, Mc-i <S)rN is torsion-free. Now iV satisfies (Sc-i) and hence 
is torsion- free; recall that when c = 1 we have assumed N is torsion- free. Tensoring 
Mc-i with the pushforward for N, we thus get the following isomorphisms and 
exact sequence: 

Torf (Mc_i, TVi) ^ Torf_i (Mc_i, iV) = for i = 2, . . . , c + 1 

Torf (A4-1, A^i) Mc-i (E)rN ^ Mc-i ®rG ^ Mc-i ®rNi^Q 

By the same argument as before (using Lemma [4.41 . Torf (Afc_i, A^i) = as well. 
We now have Torf'(Mc_i, A^i) = for i = 1, . . . , c + 1. Since i? is a complete 
intersection of codimension c, it follows from Murthy's rigidity theorem [331 1-6] 
that Torf (Mc_i, A^i) = for all i > 1. Shifting along the pushforward for iV, we 
see that Torf (Af^-i, A^) = for alH > 1. □ 

Note that the proof of the preceding theorem is much simpler when c = 1. 
This case is all one needs to prove the following corollary, due to Huneke and 
Wiegand EH Theorem 2.7]; see also (ill [22]. 

Corollary 4.8. Let R be a hypersurface and M, N nonzero finitely generated R- 
modules. Assume M ®rN is reflexive and N has rank. Then: 

(1) Torf (M,iV) = /or i > 1. 

(2) M is reflexive, and N is torsion-free. 

Proof. We remark at the outset that neither M nor N can be torsion, that is 
TrM ^ M and TrN ^ N; also, Supp(iV) = Spec(i?). Suppose first that both M 
and N are torsion-free; we will prove ([IJ by induction on d := dimi?. If d = 0, then 
N is free, so all is well. Assume d > 1. When we tensor the pushforward (|2.7.ip 

0^ M ^ R^""! Ml 

with N ^ we obtain an exact sequence 

-> Torf (Afi, iV) M®rN ^ N^"^ ^ Mi ®r N ^ . 

Now Torf(Mi,iV) is a torsion module because N has rank. Since M TV is 
torsion- free, Torf (Mi, A'') = 0. The inductive hypothesis implies that Torf (M,7V) 
has finite length for alH > 1, and from the pushforward exact sequence we see that 
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Torf (Ml, A^) has finite length for i>2. Wc want to use Theorem 14.71 to conclude 
that Torf (Ml, iV) = for alH > 1, but for that we need to know that Mi ®Ft.N 
is torsion- free, that is, that it satisfies [Si). To that end, we let p be a prime ideal 
with height(p) > 1, and localize the exact sequence 

^ M ®R N N^"^ ^ Ml ^rN ^0 

at p. If height(p) > 2, the facts that depth{M (E)r N)p > 2 and depth A^p > 1 imply 
that depth(Mi <g)R N)p > 1. 

Suppose height(p) = 1. Arguing as in the first part of the proof of 21, Theorem 
3.7], we find that Torf(M,A^)p = for aU i > 1. Since Torf(Mi,Ar)p = 0, the 
pushforward exact sequence shows that Torf (Afi, A^)p = for alH > 1. Now A^p 
and (Mi)p are MCM, the latter by Proposition [ilHi;2). The depth formula pHT]) 
now implies that (Mi (E)r N)p is MCM as well. This completes the proof that 
Ml iSiR N is torsion-free, and now Theorem O implies that Torf(Mi, A^) = for 
alH > 1. Shifting along the pushforward gives Tor^(M, A^) = for all z > 1. This 
proves (HI) under the additional assumption that M and N are torsion-free. 

We now relax that assumption and complete the proof using a standard argument 
going back to [H Lemma 3.1] (cf. [HI Lemma 1.1]). We tensor the exact sequence 
(|2.3.ip with A^, getting an exact sequence 

(TrM) (E)rN ^ M (^rN a i±RM) (^rN ^0. 

Since (TrM) (E)r N is torsion and M (S)r N is torsion-free, the map a must be zero, 
and hence /3 is an isomorphism. In particular, (J-rM) (E)r N is reflexive as well. 
Tensoring -LrM with the exact sequence (|2.3.ip for A^, we get an exact sequence 

Torf (_LM, ±N) {±M) ®r (TN) {±M) ®rN ^ (_LM) ^r {±N) , 

and we learn as before that {A-rM) (E)r (A-rN) is reflexive. By the first part of the 
proof. Tor f-{±RM,±RN) = for all i > 1. The vanishing of Tot^{±rM, ±rN) 
and the exact sequence above show that {.LrM) (E)r (TrN) — 0, whence T^^A^ = 0, 
that is, J-rN — N. The same steps, with the order of M and A^ reversed, show 
that ±rM = M, and hence that Torf (M, A^) = for aU i > 1. 

The remaining step is to prove that M is reflexive. Since Supp(Af) — Spec(i?), 
we have depth A'p < height p for each prime ideal p. Now one easily verifles Serre's 
condition {S2) on M by localizing the depth formula (II. 0.11) . □ 

Remark 4.9. If i? is a hypersurface and Torf (A/, A^) ~ for i ^ 0, then either 
M or N has finite projective dimension. 

This is [23l Theorem 1.9]. The proof there used the main result (Corollarv l4.10l 
below) of [H], but C. Miller [3ni Theorem 1.1] gave a more direct argument. 

The next corollary, due to Huneke and Wiegand, is pT, Theorem 3.1], the main 
theorem of [21] . We will deduce it from Corollary 14.81 and Remark 14.91 see Re- 
marks UTTT] for further comments. 

Corollary 4.10. Let R be a hypersurface and M,N nonzero finitely generated R- 
modules. Suppose M (^r N is MCM and either M or N has rank. Then both M 
and N are MCM, and one of them is free. 

Proof As M (S)rN satisfies {S2) Corollary [Mj implies Torf (M, TV) = for i > 1. 
The depth formula p.O.ip then shows that both M and A^ must be MCM. Moreover, 
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one of the modules has finite projective dimension by Remark l4.91 and hence is free 
by the Auslander-Buchsbaum formula [H Theorem 3.7]. □ 

Remarks 4.11. The argument that proves Corollary 14.101 using Corollarv 14.81 is 
exactly the one given by C. Miller [30l Theorem 1.4], who however omits the hy- 
pothesis that M OT N has rank; the result is false without that hypothesis, as 
Example 13.101 shows. 

With this correction, one can deduce, as is done in [30l Theorem 3.1], the follow- 
ing result from Corollarv 14. 101 Let R be a hypersurface and M a finitely generated 
R-module with rank. If is reflexive for some integer n > dimi? — 1, then M 

is free; see Corollary [SS] for a related statement. 

5. The 77-PAiRiNG 

The main tool in this section is the ?7-pairing, introduced by Dao [13] . We start 
with the definition and basic properties of the ?7-pairing. We focus on complete 
intersections, as all of our applications are in that context. 

5.1. The T^-pairing. Let i? be a complete intersection ring and let M and 
N be finitely generated i?-modules. Assume there exists an integer I such that 
Torf (M, A^) has finite length for alH > L For each positive integer e, the pairing 
ri^{M, N) is defined as follows: 

1 " 

(M, N) = hm - ^(~1)* lengthy Torf (M, N) . 

i—l 

Clearly Tyf (M, N) = r]^{N, M). The function Tyf (M, -) is additive on short exact 
sequences, provided rjf is defined on each term. The following statements hold: 

(1) r?f (M, A^) = if e > codimi?. 

(2) 77^ (M, TV) < 00 if e = codimi?. 

(3) ri^{M, N) = if either M or A^ has finite projective dimension. 

(4) r?f (M, A^) = if either M ot N has finite length and e > codimi?. 

These results follow from [T31 4.3], and will be used without further ado. 

The 77-pairing is a natural extension to complete intersections of the ^-pairing 
over hypersurfaces, introduced by Hochster [19j in 1980. For any hypersurface i? 
and finitely generated i?-modules M and A^ there is an equality: 

7;f(M,A) = i0^(Af,Ar). 

In particular, ryf (M, A') = if and only if e^{M, A) = 0. 

For the present purposes, the utility of the 77-pairing stems from the following 
result of Dao [131 Theorem 6.3] that its vanishing implies a version of the rigidity 
of Tor: If c consecutive Tors vanish, then so do all subsequent ones. 

Proposition 5.2. Let R be a local ring whose completion is a complete intersection, 
of relative codimension c > I, in an unramified regular local ring. Let M,N be 
finitely generated R-modules. Assume that Toif'^M, N) has finite length for all 
i > a«rf that r/f (A/, A^) = 0. // Torf (M, N) = for i = s, . . . , s + c - 1, where 
s>0, then Torf (A/, A^) = for alli>s. 
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Proof. By hypothesis, R = Q/I, where (Q,n) is an unramified regular local ring 
and / is generated by a Q-regular sequence of length c; in particular, i? is a complete 
intersection. When / C (the main case of interest), the desired statement is [TJJ 
Theorem 6.3]. When / ^ the codimension of R is at most c — 1 and Murthy's 
theorem [33l Theorem 1.6] gives the stated vanishing. In this case the condition 
r]^{M,N) = is automatic. □ 

Theorem 5.3. Let R be a local ring whose completion is a hypersurface in an un- 
ramified regular local ring, with dimi? > 1. Let M, N be a pair of finitely generated 
R-modules such that M ®r N is torsion-free. 

(1) rii^{M, J-rN) is defined and equal to 0, and M ^ 0; or 

(2) rii^{M,N) is defined and equal to 0, and Supp^j TrTV C Supp^jM. 
Then M and N are Tor-independent and N is torsion-free. 

Remarks 5.4. Parts (1) and (2) are the same statement, when N is torsion-free. 
The condition on supports in (2) holds when, for example, the support of N is 
contained in that of Af . Moreover, if i? is a domain and M and N are nonzero, it is 
a consequence of the torsion-freeness of M N, for then the support of M N, 
and hence also of AI, is all of Spec R. 

Proof of Theorem 15.31 Suppose ([Ij holds, and apply M ®b, — to the exact sequence 

(5.4.1) Q^TrN ^ N ^ ±rN ^Q. 

Since M ®r TrN is torsion and M O/j N is torsion-free, the map between them is 
zero. Thus M 'S'r N is isomorphic to M ®r -LrN and hence the latter module is 
torsion-free too. 

Next, we build the pushforward 

(5.4.2) 0^ ±rN ^ F ^ Z ^0. 

By hypothesis, Torf (M, -LrN) has finite length for i 3> 0, and we see from (|5.4.2|) 
that Torf(M, Z) has finite length for i > 0. Since dimi? > 1 it follows that 
Torf'(M, Z) is torsion for alH ^ and hence for all « > 1, by Lemma IT4l Applying 
M (E)R — to (|5.4.2p . we get an injection from the torsion module Torf (M, Z) to the 
torsion-free module M ®r J-rN and conclude that Torf (M, Z) — 0. Additivity 
of rj^ along the exact sequence (|5.4.2I) yields rii'{M,Z) = 0, and Proposition 15.21 
implies that Torf (M, Z) = for alH > 1. 
Shifting along (|5.4.2p . we have 

(5.4.3) Torf (A/, ±rN) = for ah i > 1 . 

Once again applying M®r{—) to (|5.4.ip gives an injection M ®rTrN '-^ M®rN , 
so M®R TrN = 0. Since M ^ 0, this implies that TrN = 0, and then (|5.4.3p tells 
us that Torf (Af, iV) for each i > 1. 

Suppose now that ([2]) holds. We may assume that M ^ 0. Showing TrN = 
will return us to case ([T]). Supposing that TrN ^ 0, let p be a prime minimal 
in Supp^(Tij;A^). Then (TrN)p is a nonzero i?p-module of finite length, and, 
moreover, dimi?p > 1 since {TRN)^ = if q £ Ass(i?). 

Note that (Tf;A^)p is a torsion i?p-module and {A-rN)^ is torsionless, hence 
torsion-free, as an i?p-module. It follows that (TrA^)p is exactly the torsion sub- 
module of iVp. Now Tyf vanishes on modules of finite length (item (4) of I5.ip . By 
additivity of Tyf " along the exact sequence (|5.4.iP p. we have yyf " (Afp, {A-rN)p) — 0. 
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Moreover, Mp ^ 0, by the assumption on supports. We are now in case ([T]), and 
we conclude that (TRiV)p — 0, contradicting the choice of p. □ 

Example 5.5. Most of the hypotheses in Theorem [531 are essential; see the discus- 
sion after [231 Remark 1.5]. To begin with, without the assumption that dimi? > 1, 
the theorem would fail. Take, for example, R = and M — R/{x) — N . 

The vanishing of rj is also essential: Let R — k[[x ^ y\] / {xy) ^ where k is any field, 
and put AI — R/{x) and N — R/{x'^). Then R/{x) is free at the minimal primes — 
but not of constant rank — and M ®ii N is just M, which is torsion-free. Thus the 
pair M,N satisfies (SPi). On the other hand, a; is a nonzero torsion element of N, 
since it is killed by the non-zerodivisor x + y. Therefore the depth formula (jl.O.ip 
fails, and hence M and N cannot be Tor-independent. In fact, one can check that 
Tor^j_i_]^(Af, N) ^ fc for i > and that the even ones vanish, so rjf'{M, N) = —\- 

We do not know if in Theorem l5.3l the assumption on supports is superfluous. In 
this context, we remind the reader of the following open question, implicit in [21j : 

Question 5.6. Let i? be a complete intersection and M, N finitely generated R- 
modules. If M ®ii N is torsion-free, then must one of M, N be torsion-free? 

For Gorenstein domains, the answer to Question l5.6l is "no". Indeed, for the ring 
R = fcp^, . . . P. Constapel [T2] built modules M and N , neither torsion-free, 

such that M (g)^ N is torsion-free. 

Next we present a variant of Theorem 15.31 

Remark 5.7. Suppose that the finitely generated module M has finite projective 
dimension on the punctured spectrum of i?, meaning that, for d = dimi?, one has 

pd^^ Afp < oo for aU p e X'^-'^{R). 

Then, for any finitely generated i?-module N, Torf (A-/, A^) has finite length for 
« 0, so the function t]^{M, — ) is defined; moreover, it is finite for c > codimi?. 

The hypotheses of the next theorem imply that the pair M, N satisfies (SPi) and 
that rii'{M, -LfjN) — 0. The theorem is thus an immediate consequence of part ^ 
of Theorem 15.31 The hypothesis of finite projective dimension on the punctured 
spectrum is included for clarity; it is a consequence of the assumption that rii{M, N) 
is defined for every N. 

Theorem 5.8. Let R be a local ring whose completion is a hypersurface in an 
unramified regular local ring, and assume dimi? > 1. Let M,N he nonzero R- 
modules such that M (gJi? N is torsion-free. Assume that the projective dimension 
of M is finite on the punctured spectrum of R and that rj^{M^ — ) = 0. Then M 
and N are Tor-independent and N is torsion-free. □ 

Since the completion of any regular ring is a hypersurface in an unramified 
regular local ring (see 14.21) . the following corollary extends 28, Corollary 3], which 
in turn builds on [21 Theorem 3.2]: 

Corollary 5.9. Let R he a local ring whose completion is a hypersurface in an un- 
ramified regular local ring. Assume dim i? > 1, and let M he an R-module with finite 
projective dimension on the punctured spectrum of R and satisfying rj^{M, —) = 0. 
If (E)^M is torsion-free for some integer n>2, then 

pdfl Ai < (dimi? - 

Consequently, if M is not free, then CS^Ai has torsion for each n > max{2, dimi?}. 
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Proof. Wc may assume M ^ 0. For p — 1,. . . ,n, repeated application of Theo- 
rem [5^ shows that tsFj^M is torsion- free, and also that 

Torf (M, ®^j^^M) =0 for i > 1 . 

Taking p = 2, we see from Remark 14.91 that M has finite projective dimension. 
Then from Corollary 1.3] one obtains the first equality below: 

npdflM = pd^((X)'^M) =dimi?- depths ((8)^M) <dimi?-l. 

The second equality is by the Auslander-Buchsbaum formula [3, Theorem 3.7], 
while the inequality holds because is torsion-free. □ 

Next we extend the preceding results to rings of codimension > 2; see Theo- 
rem [STTT] The result below is the inductive step in its proof. 

Proposition 5.10. Let {S, n) he a complete intersection and R a hypersurface in S . 
Let M and N be finitely generated torsion-free R-modules such that Torf^(M, N) has 
finite length for i ^ 0. Let E and F be the quasi-liftings of M and N , respectively, 
to S . Then Torf F) has finite length for i ^ 0, and 

r]f_-^{E,F) = 2er^^{M,N) when e > max{2, codimS* + 1}. 

In particular, rif^^{E,F) = ■qf{M,N) = 0. 

Proof. By hypothesis, R ^ S/{f) where / is a non-zerodivisor in S. The spectral 
sequence associated to the change of rings S R yields an exact sequence 

• • • ^ Tor^i (M, N) ^ Torf (M, N) ^ Tor^(A/, N) ^ ■ ■ ■ {n > 1) . 

See UHl PP- 223-224], or [33 p. 561]. This implies that Torf(Af,A^) has finite 
length for i ^ 0. Let Mi and Ni be the pushforwards of M and N, respectively. 
Since Torf (_R, — ) = for i > 2, there are isomorphisms 

Torf (£;, N) = Torf+i(Mi, A^) = Torf (A//, N) for i > 2, 

where the one on the left comes from (|2.7.2p and that on the right is from (|2.7.ip . 
Arguing in the same vein, one gets isomorphisms 

Torf (i;, F) = Torf (i;, A^) for i > 2. 

It follows that the length of Torf (i?, F) is finite for i 0, as desired. 

At this point we know that the 77-pairing is defined on (M,N), over R and also 
over S. Similar arguments show that the ry-pairing is defined also for all pairs (A, Y) 
with X e {M, Mi,E} and Y G {N, Ni,F}. 

Now codimS' < e — 1 by hypothesis, and hence codimi? < e. Therefore rif'{—, — ) 
and rj^_i{—, —) are finite whenever they are defined. The additivity of 77 along the 
exact sequences (|2.7.ip and (|2.7.2p thus gives equalities 

77f (M, A^) = -ryf (Ml, A^) = vf{Mi,N{) , 

and also the following ones: 

^l!.^{E,F) = -f^f_^{M^,F) = r^t^{M,,N^) . 

Our assumption that e > max{2, codimS'-l- 1}, together with [13l Theorem 4.1 (3)], 
allow us to invoke [13l Theorem 4.3 (3)], which says that 

Tyf (Ml, A^i) = l,7f_,(Mi, A^i) . □ 
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The next result uses the {SPc) condition introduced in Notation l4.5l It extends of 
Thcorem l5.3r 2') to higher codimensions. Note that when c > 2, the (SPc) condition 
ensures that N is torsion-free, so the condition on supports is automatic. 

Theorem 5.11. Let R be a local ring whose completion is a complete intersec- 
tion in an unramified regular local ring, of relative codimension c > 1. Assume 
dimi? > c, and let M and N be finitely generated R-modules satisfying {SPc) and 
with Suppj^ TrN C Supp^ M . 

IfV^{M, N) = 0, then Torf (M, N) ^0 for i>l. 

Proof. The case c = 1 is Theorem 15.31 Assume now that c > 2, and proceed by 
induction on c. Since dim R > c, Lemma 14.61 yields 

(5.11.1) Torf (M,iV)p = for i > 1 and each p G X'="^(i?). 

We can assume that R is complete. Then R — Q/{f), where Q is an unrami- 
fied regular local ring and / = /i,...,/c is a Q-regular sequence. Set (S", n) = 
Q/ifi, - ■ ■ Jc-i) and / = fc- 

Note that M and N are torsion- free, since they satisfy (SPc); therefore we can 
construct their quasi-liftings, E and F, to S. Using the vanishing of Tors in (|5.11.ip 
and Theorem 1.8], we see that 

(5.11.2) E(»sF satisfies (S'^-i) . 

By [20l Propositions 1.6, 1.7], the assumptions in (1) of (SPc) pass to E and F as 

(5.11.3) E and F satisfy (S'c_i) . 

Proposition 15.101 guarantees that Torf (E, F) has finite length for z ^> (so the 
pair E,F satisfies (SPc-i)) and also that rjc-i{E,F) = 0. Moreover, E and F, 
being syzygies, are torsion- free, so we indeed have Supp5(TsF) C Suppgi?. The 
inductive hypothesis now implies that 

(5.11.4) Torf(£;,F) = 0. 

Given ()5.11.ip and that by Notation l43t|2|) the i?- module M®rN is reflexive, we 
see from (|5.11.4p and 9, Proposition 3.2 (3)] that Torf (M, TV) = for all i>l. □ 

The following result was proved in 13, 7.6] under the additional hypothesis that 
the completion of i? is a complete intersection, of relative codimension e, in an 
unramified regular local ring. 

Corollary 5.12. Let R be a complete intersection and M,N finitely generated 
R-modules. Suppose there exists an integer e > codimT? such that 

(1) M is free onX^iR), 

(2) M and N satisfy (Se), and 

(3) M®rN satisfies {Se+i) . 
Then Torf (M,iV) = for alii >1. 

Proof. If e = this is the theorem of Auslander [2] and Lichtenbaum [28, Corollary 
2]; see page [T] here. Assume now that e > 1. We use induction on dimi?. If 
dimi? < e, condition (1) implies that M is free, and there is nothing to prove. 
Assuming dimi? > e + 1, we note that the hypotheses localize, so Torf (Af, N)p — 
for each i > 1 and each prime ideal p in the punctured spectrum of R; that is to say, 
Torf(M, A^) has finite length for all i > 1. Thus the pair M,N satisfies (SPe+i). 
Moreover, since codimi? < e-f 1, the completion of R can be realized as a complete 
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intersection, of relative codimension e + 1, in an unramified regular local ring (see 



5.13. Isolated singularities. A local ring R is an isolated singularity if for each 
non-maximal prime ideal p the ring Rp is regular. 

Over such a ring, each module is of finite projective dimension on the punctured 
spectrum, so Torf (M, N) has finite length for alH ^ and for all finitely generated 
i?-modules M and N\ hence the pairing rj^'{M,N) is defined. 

Corollary 5.14. Let R he a local ring whose completion is a complete intersection 
in an unramified regular local ring, of relative codimension c. Assume dimi? > c 
and that R is an isolated singularity. Let M and N be MCM R-modules. 
When ri^{M,N) = the following conditions are equivalent: 

(1) M N is MCM. 

(2) M ®rN satisfies {Sc). 

(3) M and N are Tor-independent. 

Proof. Evidently (1) =^ (2), while (3) (1) by the depth formula (fTXT|) . Fi- 
nally, (2) =^ (3) by Theorem EUl □ 



The critical hypothesis in the results in Section [S] is that ri^{M,N) = for a 
pair of modules M, N. It is not easy to verify this condition, unless the projective 
dimension of M or N is finite, when the pairing vanishes for trivial reasons. Next 
we describe classes of rings for which it is known or conjectured that rj^ {—, — ) = 0. 
These rings are all isolated singularities, as defined in 15. 131 

6.1. Torsion in the reduced Grothendieck group. The Grothendieck group 
G{R) of a ring R is the abelian group F/S, where F is the free abelian group 
generated by isomorphism classes [X] of finitely generated i?-modules, and S is the 
subgroup generated by all elements of the form [X'] + [X"] — [X] for each exact 
sequence — > X' — > X — > X" ^ of i?-modules. The reduced Grothendieck group 
G{R) is G{R)/L, where L is the subgroup generated by classes of modules of finite 
projective dimension. 

Assume i? is a complete intersection, and that M has finite projective dimen- 
sion on the punctured spectrum. Then, for each integer c > codimi?, the pairing 
ri^{M, N) is defined and is finite; see Remark 15.71 Since the 77-pairing is addi- 
tive on exact sequences and vanishes when N has finite projective dimension, it 
induces a homomorphism r]^{M, — ): G_{R) — >■ M of abelian groups. It follows that 
ri^{M,N) = if [N] maps to a torsion element of G{R). Therefore it behooves us 
to find situations where G{R) is torsion. 

6.2. Two-dimensional normal domains. Let {S,n,l) be a complete, normal 
domain of dimension two, and assume either 

(1) I is the algebraic closure of a finite field, or 

(2) I is algebraically closed of characteristic zero, and S* is a rational singularity. 
Then the abelian group G{S) is torsion, by [lOl Proposition 2.5 and Remark 2.6]. 

Corollary 6.3. Let (i?, m, fc) be a two-dimensional, excellent, normal domain con- 
taining a field, and assume that k is contained in the algebraic closure of a finite 
field. Assume further that R is a complete intersection of codimension c e {1, 2}. 




□ 
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// M and N are finitely generated R-modules satisfying (SPc), then they are 
Tor-independent. 

Proof. The completion R is an isolated singularity because R is excellent (see [Ul 
Proposition 10.9]), and therefore i? is a normal domain. Replacing R by R, we 
may assume that R = S/{f), where {S,n,k) is a regular local ring and / is a 
regular sequence in of length c. Let k be an algebraic closure of k, and choose 
a gonflement S ^ {S,n, k) Hfting the field extension k ^ k (see [27l Chapter 10, 
§3]). This is a flat local homomorphism and is an inductive limit of etale extensions. 
Moreover, nS = n, so S" is a regular local ring. By Proposition 10.15], both S 
and R :— S/{f ) are excellent, and R is an isolated singularity. Therefore (i?, m, k) 
is a normal domain. Finally, we pass to the completion T of S and put A = T/(f). 
This is still an isolated singularity, a normal domain, and a complete intersection 
of codimension c. Moreover, our hypotheses on M and N ascend along the flat 
local homomorphism R ^ A, and 77^(A M, A N) = 0, since G(A) is torsion. 
By Theorem ISTH Torf (A (g)_R M,A(g)RN) = for alH > 1. The requirement on 
supports is automatically satisfied, since A is a domain (see Remarks 1 5. 4 1) . Faithfully 
flat descent completes the proof. □ 

6.4. Even-dimensional simple singularities. Let i? be a local ring whose com- 
pletion is an even-dimensional simple ("ADE") singularity in characteristic zero; 
see, for instance, [SHI Chapter 8]. Such an R is an isolated singularity, so for any 
pair of finitely generated i?- modules M,N the length of Torf (Af, A^) is finite for 
i ^ 0. Since R is even-dimensional, G_{R) is torsion, as can be checked from f36l 
13.10], and hence rj^{M, N) = 0. These observations are due to Dao ^Mj Corollary 
3.16]. Thus, from Theorem 15.81 and Remark 14.91 one gets: 

Corollary 6.5. If R is as above andA fN are nonzero finitely generated R-modules 
with M (E>R Af torsion-free, then AI, N are torsion-free, and either pd^ M or pd^ N 
is finite. □ 

6.6. Hypersurfaces. Let i? be a hypersurface and an isolated singularity. Recall 
that the 77-pairing and Hochster's ^-pairing [19] are related: 0{M, N) = 2 ?yi(Af, N). 
In [T3J Conjecture 3.15], see also [T5], Dao has made the following 

Conjecture 6.7. If dimi? is even and R contains a field, then rii '{M,N) — for 
all finitely generated i?-modules M, N. 

Moore, Piepmeyer, SpirofF and Walker [31] have settled this conjecture in the 
affirmative for certain types of affine algebras. Polishchuk and Vaintrob [34l Remark 
4.1.5], and Buchweitz and Van Straten [5] Main Theorem], have since given other 
proofs, in somewhat different contexts, of this result. 

Now we move on to the case of complete intersections of higher codimension. 

6.8. Affine algebras over perfect fields. Here we give a localized version of a 
vanishing theorem for graded rings, due to Moore, Piepmeyer, SpirofF, and Walker. 

Proposition 6.9. Let k be a perfect field and Q — fc[xi, . . . , a;„] the polynomial 
ring with the standard grading. Let f ~ /i,...,/c be a Q-regular sequence of 
homogeneous polynomials, with c > 2. Put A = Q/if) and R = Am, where m = 
(xi, . . . , Xn). Assume that Ap is a regular local ring for each p in Spec(A)\{m}. 
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Then ri^{M,N) — for all finitely generated R-modules M and N . In particular, 
if n > 2c and the pair M,N satisfies (SPc), then M and N are Tor-independent. 

Proof. Choose finitely generated yl-modules U and V sucli that Um = M and 
Vyn = N. For any maximal ideal n ^ m, the local ring A„ is regular and hence 
Torf({7,y)n = for i > 0. It follows that the map Torf {U,V) Torf(M,iV) 
induced by the localization maps U ^ M and V ^ N is an isomorphism for i ^ 0. 
Also, for any ^-module supported at m, its length as an v4-module is equal to its 
length as an i?-module. In conclusion, rif{M,N) — rjf{U,V). 

As k is perfect, the hypothesis on A implies that the fc-algebra Ap is smooth 
for each non- maximal prime p in A] see |16l Corollary 16.20]. Thus, the morphism 
of schemes Spec(i?) \ {m} — s- Spec(fc) is smooth. Now [32] Corollary 4.7] yields 
ri^{U,V) = 0, and hence ri^{M,N) = 0. It remains to note that if n > 2c, then 
dimi? > c, so Theorem 15 . 11 1 applies . □ 

Concerning complete intersections of higher codimension, in |31| the authors 
make the following conjecture. 

Conjecture 6.10. If i? is a complete intersection of codimension c > 2 and an 
isolated singularity, then rj^{Al,N) = for all finitely generated i?- modules M,N. 

Examples due to Avramov and Jorgensen [25j Example 4.1] show that the hy- 
pothesis that R be an isolated singularity is essential. 

7. The Frobenius endomorphism 

Let i? be a Noetherian local ring of characteristic p and ip : R — > R the Frobenius 
endomorphism. Recall that R is F-finite provided 1^9 is a finite map, that is, R is 
module-finite over f{R). Given an _R-module M and a positive integer e, we write 
M for the i?- module obtained from M by restriction of scalars along cp'^ ; thus 
r ■ m = rP m for r € R and m G M. Observe that AI is torsion-free if and only if 
"-^ M is torsion- free for some (equivalently, all) e > 1. 

We write R'^ for the _R-bimodule with r ■ x - s = rxs^ . Then, for any _R-module 
N, the abelian group R"^ i^bN has a structure of an i?-module with action inherited 
from the left i?-action on R'f . 

Theorem 7.1. Assume that R is F-finite, and a complete intersection domain. 
The following conditions are equivalent: 

(1) R'*' (S>R M is torsion-free for every torsion-free R-module M and each in- 
teger e > 1. 

(2) R^ (g)fi ''^ M is torsion-free for some nonzero finitely generated R-module AI 
and some integer e > 1. 

(3) R is regular. 

Proof. All three statements are true if i? is a field, so we may assume that dimi? > 
1. Obviously (1) =^ (2), and the implication (3) =^ (1) holds by Kunz's theo- 
rem [3ni Theorem 2.1] that the i?-module R''^ is flat when R is regular. 

To prove that (2) (3), it is helpful to write S for the target of the endomor- 
phisms ip"^; thus 

cp'': R-^S. 

As (/5 is a finite map, so is ip"^. Applying 5 0/?, — to the exact sequence 

^ TsM AI ^ ±sM , 
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we see that S ®r M = S .LsM . Moreover, J-sM ^ 0, so we can replace M 
by J-sM and assume that 5M is itself torsion-free. Since S is finite over R, M is 
finitely generated also over i?, so one has the pushforward 

— >M — > — >N — > . 

Tensoring this with S yields an exact sequence 

— ^ Torf (S*, N) ^ S®rM 5^") S®rN ^Q. 

Since S ®r M is torsion- free and Torf (5*, N) is torsion (recall that i? is a domain), 
it follows that the latter module is 0, and hence that Torf (5, iV) — for all i > 1, 
by [3 Theorem]. This implies that Torf (5, Af) = for alH > 1 as well. Another 
application of [U Theorem] yields that pd^ M is finite. 

It remains to apply ^ Theorem 1.1] to deduce that R is regular. □ 
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